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IR/UV corrections to the Casimir force
Michael Maziashvili∗
School of Natural Sciences and Engineering, Ilia State University,
3/5 Cholokashvili Ave., Tbilisi 0162, Georgia
Hard momentum cutoff is used for estimating IR/UV corrections to the Casimir force. In contrast
to the power-law corrections arising from the IR cutoff, one will find the UV cutoff-dependent
corrections to be exponentially suppressed. As a consequence of this fact, there is no chance to
detect the corrections due to UV cutoff arising for instance from the ”minimum-length” scenarios
even if fundamental quantum-gravity scale is taken around ∼ TeV (as is the case, for example, in
various models with extra dimensions).
I. INTRODUCTION
As it was originally observed by Casimir, in presence
of the parallel conducting plates, the vacuum energy of
a free electromagnetic field depends on the separation of
plates and gives rise to the attractive force between them
[1]. For the energy is a quadratic quantity in fields - one
easily concludes that the effect is brought about by the
quantum fluctuation of the field, which in the standard
way is defined as
δA(x) =
√
〈0|A2(x)|0〉 −
(
〈0|A(x)|0〉
)2
=
√
〈0|A2(x)|0〉 ,
because the vacuum average of the field operator is zero.
But the vacuum expectation value of the square of field
operator is divergent and thus not enables one to simply
estimate the magnitude of field fluctuations. Casimir’s
approach for calculating the force between two conduct-
ing plates suggests a neat way for eliminating diver-
gences. Namely, the pressure is calculated on both sides
of the plate and the net force appears to be finite [2–4].
As the vacuum energy is represented by the sum over the
Fourier modes, it is natural to ask - how does the force
change if we impose certain IR and UV cutoffs? That is
the question we want to address throughout this paper.
Similar question has been addressed in a few papers [5–
7]. In [5] a specific distribution function was suggested
for the vacuum energy distribution, as an attempt to give
a real physical meaning to the cut-off function occurring
in Casimir’s approach. Let us note that the use of the
Abel-Plana formula for carrying out the summation of
vacuum energy suggests also some distribution function
which is independent of the Casimir’s cut-off function [8–
12]. Yet another idea suggested by the authors of [6] is
to use the stress-energy tensor regularized by the point-
splitting method, in which the spatial coordinates are
evaluated at the plate. Such stress-energy tensor depends
only upon the time difference Tαβ(t− t
′). It is the limit
t→ t′ of this quantity that is related to the Casimir force.
The frequency spectrum of which is defined by using the
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Fourier transform
∫
dτ exp(−iωτ)Tαβ(τ). None of these
approaches give a direct clue to the question posed above.
In the present paper we present more straightforward
treatment of the IR/UV dependence of the Casimir force.
The paper is organized as follows. In section II the ex-
pression of Casimir force is put in the form convenient
for our discussion and the corrections due to IR cutoff
are estimated. In section III we give a short discussion
about the power-law corrections that may come from UV
cutoff. Section IV is devoted to the UV corrections com-
ing from the hard UV cutoff, which is followed by short
summary and conclusions in Section V.
II. CASIMIR FORCE
Following the Casimir’s original idea [1], for estimating
the vacuum force between two mirrors placed parallel
to each other at x = 0 and x = d, respectively, it is
expedient to introduce the third mirror at x = l, where
it is understood that l ≫ d, see Fig.1.
FIG. 1. Three mirrors in a box for calculating the Casimir
pressure exerted upon the middle plate.
The vacuum (otherwise named as a zero-point) energy
in the region on the left-hand side of the middle mirror
(we shall call it region I) is given by the sum (note that
the indices j2, j3 take on all integer values)
2EI =
1
2
∑
j2,j3
√(
2pij2
a
)2
+
(
2pij3
a
)2
+
∞∑
j1=1
∑
j2,j3
√(
pij1
d
)2
+
(
2pij2
a
)2
+
(
2pij3
a
)2
. (1)
Here a stands for the linear size of the plate and we have
tacitly assumed natural units: c = ~ = 1. By including
the cutoff/distribution function for vacuum fluctuations
and replacing summation over j2, j3 indices by the inte-
gration for a is assumed to be large enough, this expres-
sion takes the form [1]
EI ≈
a2
8pi2
∫∫
dkydkz f(k/Λ)
√
k2y + k
2
z +
a2
4pi2
∞∑
j=1
∫∫
dkydkz f(k/Λ)
√(
pij
d
)2
+ k2y + k
2
z
=
a2
8pi2
∫∫
dkydkz f(k/Λ)
√
k2y + k
2
z +
a2
4pi
∞∑
j=1
∞∫
pi2j2/d2
dξ f
(√
ξ/Λ
)√
ξ , (2)
where k2 = ξ = (pij/d)2 + k2y + k
2
z . The distribution
function, f(k/Λ), is introduced to regularize the energy
expression at the intermediate stage and the limit Λ→∞
is taken at the end of calculation.
It is compelling to put the problem from the very out-
set in terms of pressure rather than energy [2–4]. For the
sake of simplicity, one can use the thermodynamic argu-
ment for its calculation. Moving a little bit the middle
mirror along the x axis, the variation of energy in region
I will equal to the work done by the force acting on the
mirror from that region: δE = −pδV , where the change
of volume is: δV = a2δd. Thus, the corresponding pres-
sure, pI = −a
−2∂EI/∂d, can be written as a sum over
the Fourier modes
pI = −
1
a2
∂EI(d)
∂d
= −
pi2
2d4
∞∑
j=0
j3f
(
pij
dΛ
)
.
Negative sign of the pressure indicates that the force act-
ing on unit area from region I is directed inwards. Anal-
ogously, the pressure in region II (the region on the right-
hand side of the middle mirror) is given by
pII = −
pi2
2(l − d)4
∞∑
j=0
j3f
(
pij
(l − d)Λ
)
≈
−
pi2
2d4
∞∑
j=0
d
l
(
d j
l
)3
f
(
pidj
dΛl
)
≈
−
pi2
2d4
∫
∞
0
dj j3f
(
pij
dΛ
)
,
(here we have used the fact that l can be taken arbitrarily
large). Hence, one finds
pI − pII = −
pi2
2d4
 ∞∑
j=0
−
∫
∞
0
dj
 j3f ( pij
dΛ
)
. (3)
This expression can be estimated by means of the Euler-
Maclaurin formula,
∞∫
0
dj G(j) −
G(0)
2
−
∞∑
j=1
G(j) +
G(∞)
2
=
−
G(1)(j)
12
∣∣∣∣∞
0
+
G(3)(j)
30 · 4!
∣∣∣∣∞
0
−
G(5)(j)
42 · 6!
∣∣∣∣∞
0
+
G(7)(j)
30 · 8!
∣∣∣∣∞
0
−
5G(9)(j)
66 · 10!
∣∣∣∣∞
0
+ · · · , (4)
which enables one to state that the result is independent
of a particular form of distribution function [1]. However,
instead of calculating the net pressure, pI − pII , it gives
more physical insight to estimate each term separately.
For this purpose let us use the cutoff-function f(kj/Λ) =
exp(−kj/Λ) first considered in [13]. Then the sum and
integral entering the Eq.(3) can be estimated as
∞∑
j=0
j3 exp
(
−
pij
dΛ
)
=
6(dΛ)4
pi4
+
1
120
−
pi2
504(dΛ)2
+
pi4
5760(dΛ)4
+ O
(
1
(dΛ)6
)
,
and
∞∫
0
j3 exp
(
−
pij
dΛ
)
=
6(dΛ)4
pi4
.
So that the divergences cancel out and the net pressure
takes the form
pI − pII = −
pi2
240d4
+
pi4
1008d6Λ2
+ O
(
1
d8Λ4
)
.(5)
3Roughly speaking, as the cutoff-function causes the ex-
ponential cutoff of the modes k & Λ, this result can be
interpreted as the Casimir force provided by the modes
k . Λ (under assumption that (dΛ)2 ≫ 1). But, as it is
plain to see, this result depends crucially on the choice
of cutoff function, see section III.
The IR cutoff dependence is unambiguous. Namely,
eliminating the modes k < kc, one obtains
∞∑
j=dkc/pi
j3 exp
(
−
pij
dΛ
)
=
(dkc/pi)
3e−kc/Λ
1− e−pi/dΛ
+
(
3(dkc/pi)
2 + 3dkc/pi + 1
)
e−kc/Λ−pi/dΛ
(1− e−pi/dΛ)2
+
+
(
6dkc/pi + 6
)
e−kc/Λ−2pi/dΛ(
1− e−pi/dΛ
)3 + 6e−kc/Λ−3pi/dΛ(
1− e−pi/dΛ
)4 = 6d4Λ4pi4 +
1
120
(
1 − 30
(
dkc
pi
)2
+ 60
(
dkc
pi
)3
− 30
(
dkc
pi
)4)
−
dkc
30pi
(
1 − 10
(
dkc
pi
)2
+ 15
(
dkc
pi
)3
− 6
(
dkc
pi
)4)
pi
dΛ
−
pi2
504d2Λ2
(
1 − 21
(
dkc
pi
)2
+ 105
(
dkc
pi
)4
− 126
(
dkc
pi
)5
+ 42
(
dkc
pi
)6)
+ O
(
1
d3Λ3
)
,
∞∫
dkc/pi
dj j3e−pij/dΛ =
d4Λ4e−kc/Λ
pi4
(
6 + 6
kc
Λ
+ 3
(
kc
Λ
)2
+
(
kc
Λ
)3)
=
6d4Λ4
pi4
−
d4k4c
4pi4
+
d4k5c
5pi4Λ
−
d4k6c
12pi4Λ2
+ O
(
1
d3Λ3
)
.
and thereby
pI − pII = −
pi2
240d4
(
1 − 30
(
dkc
pi
)2
+ 60
(
dkc
pi
)3)
+
pi2kc
60d4Λ
(
1 − 10
(
dkc
pi
)2
+ 15
(
dkc
pi
)3)
+ O
(
1
d6Λ2
)
.
Note that the same result can be obtained by the Abel-
Plana formula [14]
j2∑
j=j1
G(j) −
j2∫
j1
dj G(j) =
G(j1)
2
+
G(j2)
2
+
2
∞∫
0
dy
ℑ [G(j2 + iy) − G(j1 + iy)]
exp(2piy) − 1
. (6)
Applying this formula to the Casimir force, it is usually
assumed that j1 = 0, j2 = ∞ and G(∞) = 0. If we set
j1 = dkc/pi, then this formula for the Casimir force will
result in
pI − p2 = −
pi2
d4
∞∫
0
dy y3
exp(2piy) − 1
+
3k2c
d2
∞∫
0
dy y
exp(2piy) − 1
−
k3c
4pid
= −
pi2
240d4
+
k2c
8d2
−
k3c
4pid
. (7)
III. POWER-LAW DEPENDENCE ON THE UV
CUTOFF
One must beware of assigning too much physical sig-
nificance to the cutoff dependent contribution in Eq.(5),
as it essentially depends on the form of a cutoff func-
tion. For instance, taking exp
(
− (pij/dΛ)4
)
instead of
exp(−pij/dΛ) as a cutoff function - one finds by using the
Euler-Maclaurin formula (see Eq.(4))
pI − pII = −
pi2
240d4
+
0.0021pi6
d8Λ4
+ · · · .
In this expression, the leading-order cutoff-dependent
term is essentially next-to-leading order term in Eq. (5).
4Considering different cutoff functions, one can easily con-
vince oneself that the leading cutoff dependent correc-
tions take on different values. In view of this unambi-
guity, one may try to figure out some intuitive way for a
qualitative estimate of the cutoff correction. For instance
one can view the effect of cutoff function as a spatial aver-
aging. The regularization of electromagnetic field energy
by including a cutoff function: f2(k),
∫
d3k
{
E˜
2(k) + H˜2(k)
}
f2(k) ,
can be expressed as
∫
d3x
{
D
2(r) + H2(r)
}
,
where
D(r) =
∫
d3x′ g(r− r′)E(r′) ,
B(r) =
∫
d3x′ g(r− r′)H(r′) .
and
g(r) =
1
(2pi)3
∫
d3k f(k)e−ik·r .
Thus, D,B are smeared out expressions for field intensi-
ties and satisfy the equations of motion
∇ ·D = 4pi〈ρ〉 , ∇ ·B = 0 ,
∇∧D +
1
c
∂B
∂t
= 0 ,
∇∧B −
1
c
∂D
∂t
=
4pi
c
〈J〉 .
If source terms (charge and current) were initially con-
fined to the plane, then the averaged values would reside
in the slab the width of which is determined by the size
of g function. Hence, the distance between mirrors gets
altered by the size of g function, which may naturally be
related to the UV cutoff as αΛ−1, where α is a certain
numerical factor of order unity. Accordingly, the Casimir
force gets modified as
−
pi2
240d4
→ −
pi2
240
(
d ± αΛ−1
)4 =
−
pi2
240d4
(
1 ∓
4α
dΛ
+
10α2
(dΛ)
2 ∓
30α3
(dΛ)
3 + · · ·
)
. (8)
Thus, one may infer that the leading order correction
should behave as (Λd)−1. Instead of putting in the de-
tailed physics of the plates, which is beyond the scope
of our discussion, we will proceed by estimating the UV
corrections due to hard cutoff of the momentum.
IV. HARD MOMENTUM CUTOFF:
EXPONENTIAL SUPPRESSION
In general, the cutoff function attaches certain weight
to each Fourier mode and the Casimir pressure becomes
merely a weighted average. For discussing the problem of
cutoff corrections, most natural way would be to consider
a hard cutoff. Hard cutoff means that a mode is either
included or not. For this purpose let us use the cutoff
function of the form
1
2
(
1 − tanh
(
pij
dµ
−
Λ
µ
))
. (9)
Roughly, this function changes its value from 1 to zero
in the vicinity of Λ over the region µ. Taking µ → 0,
one arrives at the step-function, but µ cannot be made
arbitrarily small as in Eq.(3) we have sum over the dis-
crete momentum, pij/d, in Eq.(3). Thus, µ is naturally
defined to be of the order of d−1. Exploiting this cutoff
function and Abel-Plana formula (6), one finds
pI − p2 = −
pi2
d4
∞∫
0
dy
exp(2piy) − 1
y3
2
×
(
1 +
1 − e−4Λ/µ
1 + 2e−2Λ/µ cos (2piy/µd) + e−4Λ/µ
)
=
−
pi2
d4
∞∫
0
dy y3
exp(2piy) − 1
(
1 − e−2Λ/µ cos
(
2piy
µd
)
−
e−4Λ/µ + 2e−4Λ/µ cos2
(
2piy
µd
)
+ · · ·
)
. (10)
Recalling that µ ≃ d−1, one infers that the leading UV
correction to the force is controlled by the term e−Λd.
Hence, the contribution of high frequency modes to the
Casimir force is exponentially suppressed
V. CONCLUDING REMARKS
Putting the results together, one sees that Casimir
force is quite sensitive to the IR cutoff and almost insen-
sitive to the UV cutoff. Putting kc = α/d, from Eq.(7)
it follows that the Casimir force decreases as α increases
from 0, in the interval 0.842 . α . 1.228 the force be-
comes repulsive, then it becomes again attractive and
increases as it is depicted in Fig.2.
We can now make the connection between the above
discussion and a possible corrections to the Casimir force
due to minimum-length deformation of quantum theory
[15–17]. Loosely speaking, The implementation of min-
imum length in quantum mechanics can be done either
by modification of position and momentum operators or
by the restriction of their domains. The latter possibility
(see for example [18, 19]) is somewhat advantageous over
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FIG. 2. Plot of Eq.(7) in units of d−4.
the minimum-length deformation of Weyl-Heisenberg al-
gebra [20] as in the latter case one faces unacceptably
large effects in a classical limit [21, 22]. In general, such
theories imply modified dispersion relation and momen-
tum cutoff set by the quantum gravity scale. As we men-
tioned, the former feature is not necessary for implement-
ing the concept of a minimum-length into quantum the-
ory. To work out the corrections to the Casimir force
due to modified dispersion relation is straightforward.
As to the corrections because of UV cutoff of the mo-
mentum, they are exponentially suppressed with respect
to the Eq.(10) and therefore there is no chance of their
detection. Namely, put in terms of a length, the quan-
tum gravity scale is set by the Planck length ≈ 10−33cm.
On the other hand, recalling that Casimir force between
the parallel plates is measured for a separation distance
1 ≃ µm [23], the suppression factor becomes of the or-
der of exp(−1028). Similarly, one concludes that the UV
corrections are strongly suppressed by the factor e−Λd
even for Λ ≃ 1TeV. That is the quantum gravity scale in
various extra-dimensional models [24].
It should be pointed out that in order to explore the
implications of momentum cutoff properly, one has to dis-
cuss its impact on the plates as well. On the other hand,
one may try to figure out a particular cutoff function in-
volved in the Casimir force, which will have a physical
meaning of probability distribution that the appropriate
frequency modes will be confined within the plates.
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